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Abstract We study the shadow of the rotating black
hole with quintessential energy i) in vacuum and ii) in
the presence of plasma with radial power-law density.
For vacuum case the quintessential field parameter of
the rotating black hole sufficiently changes the shape
of the shadow. With the increasing the quintessential
field parameter the radius of the shadow also increases.
With the increase of the radius of the shadow of the
rotating black hole the quintessential field parameter
causes decrease of the distortion of the shadow shape:
In the presence of the quintessential field parameter the
shadow of fast rotating black hole starting to become
more close to circle. The shape and size of shadow of
quintessential rotating black hole surrounded by plasma
depends on i) plasma parameters, ii) black hole spin and
iii) quintessential field parameter. With the increase of
the plasma refraction index the apparent radius of the
shadow increases. However, for the big values of the
quintessential field parameter the change of the black
hole shadow’s shape due to the presence of plasma is not
sufficient. In other words: the effect of the quintessential
field parameter becomes more dominant with compare
to the effect of plasma.
1 Introduction
The measurement of the Keplerian orbital parameters
of motion of the stars surrounding supermassive black
hole (SMBH) Sgr A*, which is the compact radio source
at the Galactic center of the Milky Way, over more
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than 20 years provided the first precise determination
of its mass as 4.1 × 106M [1,2]. The SMBH Sgr A*
has low luminosity across practically all the electromag-
netic spectrum except the radio band. In the optical
band, the Galactic center region is unavailable for ob-
servations due to the high optical depth caused by light
scattering and absorption by the interstellar dust in the
Galactic disk. Nevertheless, the dust turns out to be suf-
ficiently transparent in the near infrared (IR) band and
due to this observations of Sgr A* and its surroundings
by ground-based telescopes are possible. These obser-
vations may led to the direct detection of the black hole
shadow [3,4] and may provide the first direct evidence
for existence of an event horizon of black hole. The dis-
covery of the event horizon of black hole may play a
role of an important test of theory of general relativity
in the strong-field regime. The observation of the event
horizon of the central Galactic BH may happen in the
near future probably in this decade.
Motivated by the fact that imaging the shadow SMBH
will allow one to extract black hole parameters it is in-
teresting to study images of the various black holes e.g.
including cosmological parameters. Distant Ia-type su-
pernova explosions indicate that a very small repulsive
cosmological constant Λ > 0, i.e., vacuum energy, or
a dark energy demonstrating repulsive gravitational ef-
fect, are necessary to explain the accelerated expansion
of the recent Universe [5]. The cosmic microwave back-
ground anisotropies measured by the space observatory
PLANCK [6,7] imply the same conclusions.
The dark energy equation of state is very close to
those corresponding to the vacuum energy, but dark
energy related to the so called quintessence is still in
the play [8]. The cosmic repulsion effects indicate recent
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2value of the cosmological constant to be Λ ≈ 1.3 ×
10−56 cm−2 [9].
The presence of the vacuum energy or the quintessence
changes substantially the asymptotic structure of the
black-hole backgrounds, as such backgrounds cannot be
asymptotically flat spacetimes – a cosmological horizon
always exists there, behind which the geometry is dy-
namic.
The role of the repulsive cosmological constant was
widely discussed in the vacuola models of mass concen-
trations in the expanding universe [10,11,12,13,14,15,
16,17], motion of gravitationally bound galaxies [18,19,
20], and in the structure of accretion discs [21,22,23,24,
25,26,27,28,29,30,31,32].
Therefore, it is also relevant to study the role of the
quintessential field in the physical processes occuring
around black holes. Recently, a quintessential rotating
black hole solutions have been introduced in [33]. In the
previous research we have studied acceleration of parti-
cles due to the so called Banados, Silk and West (BSW)
process when particles falling from large distances from
the rotating black hole may collide with arbitrarily high
center-of-mass energy in vicinity of the black hole hori-
zon. Previous studies of the BSW effect have been re-
alized both for various black hole [34,35,36,37,38,39],
and naked singularity [40,41,42,43] spacetimes. In the
present paper we first study shadow of the quintessen-
tial black hole in vacuum and then extend it to the
plasma environment.
The paper is arranged as follows: In the Sect. 2 we
describe both rotating and nonrotating quintessential
black hole solution. The Sect. 3 is devoted to study
the photon motion around the rotating black hole with
quintessential energy. Black hole shadow of the rotating
black hole with nonvanishing quintessential field param-
eter is considered in Sect. 4. In Sect. 5 we consider the
shadow of the quintessential rotating black hole in the
presence of the plasma. The summary of the work is
given in Sect. 6.
2 Quintessential rotating black hole solution
2.1 Schwarzschild black hole surrounded by the
quintessential energy
Spacetime of the spherically symmetric quintessential
black hole is determined by the line element
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2 (1)
where the lapse function f(r) is given by the expres-
sion [44]
f(r) = 1− 2M
r
− c
r3ωq+1
. (2)
Here, M is the gravitational mass of the black hole,
c is the quintessential field parameter representing in-
tensity of the quintessence energy field. Dimensionless
quintessential equation of state parameter ωq ∈ (−1;−1/3)
governs the equation of state of the quintessential field
p = ωqρ, relating pressure p and energy density ρ of the
quintessential field. Due to the presence of the quintessen-
tial field, the geometry is not Ricci flat. Here and in the
following we use the geometric units with c = G = 1.
For vanishing of the quintessential field (c = 0) we
recover the Schwarzschild black hole spacetime. On the
other hand, for the quintessential parameter ωq = −1
we obtain a vacuum energy equation of state p = −ρ,
and the Schwarzschild-de-Sitter metric.
The coordinate singularities of the quintessential black
hole spacetime determine the black hole and the cosmo-
logical horizons by the relation
f(r,M, c, ωc) = 0. (3)
2.2 Quintessential rotating black hole solutions
The static spherically symmetric quintessential BH so-
lution has been converted to the rotational form using
the methods of Newman and Janis [45], and modifica-
tions introduced in works of Azreg-Ainou [46,47,48] in
the recent work of [33].
The rotational version of the quintessential solution
takes the form
ds2 = −
(
1− 2Mr + cr
1−3ωq
Σ
)
dt2 +
Σ
∆
dr2 +Σdθ2
+
[
r2 + a2 + a2 sin2 θ
(
2Mr + cr1−3ωq
Σ
)]
sin2 θdφ2
−2a sin2 θ
(
2Mr + cr1−3ωq
Σ
)
dφdt. (4)
where
∆ = r2 − 2Mr + a2 − cr1−3ωq . (5)
In the case of vanishing quintessential field, c = 0, the
spacetime metric (4) coincides with the Kerr one.
The existence of the black hole horizons has been
discussed in [33]
3 Photon motion around rotating black hole
with quintessential energy
Hereafter we will consider the special case when the
quintessential equation of state parameter is ωq = −2/3.
In this case the rotating black hole solution with the
3quintessential energy has the form [33]:
ds2 = −
(
1− 2ρr
Σ
)
dt2 +
Σ
∆
dr2 − 4aρr sin
2 θ
Σ
dφdt
+Σdθ2 + sin2 θ
(
r2 + a2 + a2 sin2 θ
2ρr
Σ
)
dφ2,(6)
where
∆(r) = r2 − 2ρr + a2,
ρ(r) = M +
c
2
r2,
Σ = r2 + a2 cos2 θ
Using the Hamilton-Jacobi equation one can eas-
ily find the equation of motion. The Hamilton-Jacobi
equation reads as:
∂S
∂σ
= −1
2
gαβpαpβ , (7)
where pα = ∂S/∂x
α . Using the stationarity and axial
symmetry properties of the spacetime metric (6) one
can use the form of the action in the form
S =
1
2
m2σ − EtLφ+ Sr(r) + Sθ(θ), (8)
where E and L are the energy and the angular momen-
tum of the test particle, respectively. Using the method
of the separable of the variables one can easily obtain
the equation of motion of the photons (m = 0) in the
following form:
Σ
dt
dσ
=
r2 + a2
∆
[E(r2 + a2)− aL]
−a(aE sin2 θ − L) , (9)
Σ
dr
dσ
=
√
R , (10)
Σ
dθ
dσ
=
√
Θ , (11)
Σ
dφ
dσ
=
a
∆
[E(r2 + a2)− aL]− (aE − L
sin2 θ
)
, (12)
where
R(r) =
[
(r2 + a2)E − aL]2 −∆ [(aE − L)2 +Q] ,(13)
Θ(θ) = Q−
[ L2
sin2 θ
− a2E2
]
cos2 θ , (14)
with Q being the Carter constant.
4 Black hole shadow
The main objective of this section is to study the the
shadow cast by rotating black hole with quintessential
energy. The shadow of the black hole usually should be
observed if latter is originated between the light source
and the distant observer. One cane observe the photon
beam scattered away, while captured light beams cast
spot usually called black hole shadow on the sky. The
boundary of the black hole shadow is defined using the
equation of motion of photons around the described in
the previous section and given by the Eqs. (9)–(12).
It is very convenient to describe the shadow of the
rotating black hole with quintessential energy consider-
ing the bound orbits. Due to the fact that the equation
of motion of the photons depend on energy E , angular
momentum L and the Carter constant Q, one can easily
introduce the dimensionless parameters as ξ = L/E and
η = Q/E2. One can find the silhouette of the rotating
black hole using the conditions
R(r) = 0 = ∂R(r)/∂r. (15)
The expressions for the dimensionless quantities ξ and
η will take the following form
ξ =
r2(r − 3M) + a2(r +M) + 12cr2(r2 + a2)
a(M − r + 3c2 r2)
, (16)
η =
16a2r3(M − cr2)− r4(2r − 6M + cr2)2
a2(2M − 2r + 3cr2)2 (17)
The equations (16)-(17), in principle, fully describe the
shape of the rotating black hole’s shadow. In order to
determine the ’real’ shadow observed on the sky one has
to use the the celestial coordinates related to the real
astronomical measurements. The celestial coordinates
are defined as
α = lim
r0→∞
(
−r20 sin θ0
dφ
dr
)
, (18)
β = lim
r0→∞
r20
dθ
dr
. (19)
Using the equations of motion (9)-(12) one can get the
expression for the celestial coordinates in the following
form
α = − ξ
sin θ
, (20)
β =
√
η + a2 cos2 θ − ξ2 cot2 θ . (21)
In Fig 1 the shadow of the rotating black hole with
quintessential energy for the different values of black
hole rotation parameter a, inclination angle θ0 between
the observer and the axis of the rotation, and the quintessen-
tial field parameter c is represented. From the Fig. 1 one
can observe the change of the size and shape of the ro-
tating black hole surrounded by plasma with increasing
the parameter c.
5 The shadow of the rotating black hole
surrounded by plasma
The shadow of the spherically-symmetric black holes
and Ellis wormholes surrounded by plasma has been an-
alyzed in [49]. The gravitational lensing and images of
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Fig. 1 The shadow of the black hole with quintessential energy for the different values of the rotation parameter a, inclination
angle between observer and the axis of the rotation θ0, and with quintessential field parameter c. The solid, dotted and dashed
lines in the plots correspond to the case when the quintessential field parameter has the values c = 0.001; 0.01; and 0.05,
respectively.
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Fig. 2 The shadow of the black hole surrounded by plasma for the different values of the rotation parameter a, the quintessential
field parameter c, and the refraction index. The solid lines in the plots correspond to the vacuum case, while for dashed lines
we choose the plasma frequency ωe/ωξ = k/r and (k/M)2 = 0.3 .
spherical-symmetric and axyally-symmetric black hole
in plasma environment has been recently studied in [50,
51,52,49,53,54,55]. The transfer of radiation in an isotropic
refractive, and dispersive medium using the Hamilto-
nian approach in general relativity has been explored
in [56] by using the general-relativistic kinetic theory.
6The optical properties of the Kerr superspinars and
black holes in braneworld have been studied in [57,58].
In this section we will consider the influence of the
plasma environment around the rotating black hole with
the quintessential energy on its shadow. The shadow of
the Kerr black hole in plasma has been recently con-
sidered in [54]. We will apply the procedure formulated
in the work [54] to calculate the shadow of the rotating
black hole in the presence of plasma.
Consider the plasma around the rotating black hole
with nonvanishing quintessential field parameter with
the refraction index being equal to n = n(xi, ω). ω
is the photon frequency and the uα is velocity of the
observer. General form of the refraction index of the
plasma depending on the photon four-momentum has
the following form [59]:
n2 = 1 +
pαp
α
(pβuβ)
2 , (22)
and for the vacuum case one has the relation n =
1. Usually the specific form for the plasma frequency
should be used in order to get analytic results as
n2 = 1− ω
2
e
ω2
, (23)
where ωe is usually called plasma frequency and the ω
is also depend on the radial coordinate due to gravi-
tational redshift effect [60]. The Hamilton-Jacobi equa-
tion used to find the equation of motion of the photons
for a given space-time geometry will be changed accord-
ing to the works [59,55,50]:
∂S
∂σ
= −1
2
[
gαβpαpβ − (n2 − 1)(p0
√
−g00)2
]
. (24)
For trajectories of the photons we have the following
set of the equations:
Σ
dt
dσ
= a(L − n2Ea sin2 θ)
+
r2 + a2
∆
[
(r2 + a2)n2E − aL] , (25)
Σ
dφ
dσ
=
( L
sin2 θ
− aE
)
+
a
∆
[
(r2 + a2)E − aL] , (26)
Σ
dr
dσ
=
√
R, (27)
Σ
dθ
dσ
=
√
Θ, (28)
can be derived from the Hamilton-Jacobi equation, where
the functions R(r) and Θ(θ) are introduced as
R = [(r2 + a2)E − aL]2 + (r2 + a2)2(n2 − 1)E2
−∆ [Q+ (L − aE)2] , (29)
Θ = Q+ cos2 θ
(
a2E2 − L
2
sin2 θ
)
−(n2 − 1)a2E2 sin2 θ , (30)
and the Carter constant as K.
Following to calculation [54] we will choose the form
of the refraction parameter of the plasma in the follow-
ing form
ω2e =
4pie2N(r)
me
(31)
where e and me are the electron charge and mass re-
spectively, and N(r) is the the plasma number density
and we consider a radial power-law density
N(r) =
N0
rh
, (32)
where h ≥ 0, such that
ω2e =
k
rh
. (33)
As an example here we get the value for power h as
1 [55].
In the case of rotating black hole surrounded by
plasma the parameters ξ and η will take the following
form:
ξ =
r2 + a2 − ζ
a
, (34)
η =
ζ2 + (r2 + a2)(n2 − 1)
∆
− (ξ − a)2 (35)
where we have used the following notations
ζ = ∆
(
2r
A +
√
4r2
A2 −
C
∆
)
, (36)
A = 2r − 2M − 3cr2 , (37)
C = (r
2 + a2)(n2 − 1)
∆
−(4r(r2 + a2)(n2 − 1) + 2(r2 + a2)2nn′) . (38)
The celestial coordinates defined by the equations (18)-
(19) will take the form
α = − ξ
n sin θ
, (39)
β =
√
η + a2 − n2a2 sin2 θ − ξ2 cot2 θ
n
, (40)
for the case when black hole is surrounded by plasma.
In Fig 2 the shadow of the rotating black hole with
the quintessential energy for the different values of black
hole rotation parameter a, the quintessential field pa-
rameter c, and refraction parameter n is presented. From
the Fig. 2 one can observe the change of the size and
shape of the rotating black hole surrounded by plasma.
The reason is due to gravitational redshift of massless
particles in the gravitational field of the rotating black
hole.
76 Conclusion
In this paper we have studied shadow of quintessential
rotating black hole i) in vacuum and ii) in the presence
of plasma with radial power-law density. The obtained
results can be summarised as follows.
For vacuum case:
– The quintessential field parameter of the rotating
black hole sufficiently changes the shape of the shadow.
With the increasing the quintessential field param-
eter the radius of the shadow also increases.
– With the increase of the radius of the shadow of the
rotating black hole the quintessential field parame-
ter causes decrease of the distortion of the shadow
shape: In the presence of the quintessential field pa-
rameter the shadow of fast rotating black hole start-
ing to become more close to circle.
For black hole in plasma environment:
– The shape and size of shadow of quintessential ro-
tating black hole surrounded by plasma depends on
i) plasma parameters, ii) black hole spin and iii)
quintessential field parameter.
– With the increase of the plasma refraction index the
apparent radius of the shadow increases. However,
for the big values of the quintessential field parame-
ter the change of the black hole shadow’s shape due
to the presence of plasma is not sufficient. In other
words: the effect of the quintessential field param-
eter becomes more dominant with compare to the
effect of plasma.
In the future work we plan to study the optical prop-
erties of the rotating quintessential black hole such as
strong and weak gravitational lensing in more detail
and in more astrophysically relevant cases.
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